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FATIGUE W G E  DURING CWLEX STRESS HISTCBiIES 

By H. W. Liu and H. T. Corten 

SUMMARY 

The influence of complex stress histories on the fatigue life of 
members has been investigated to determine the relation between the 
fatigue life and the relative number and amplitude of imposed cycles of 
stress. Stress history was taken into account in teras of the number 
of damage nuclei initiated by the highest applied stress and the propa- 
gation of damage by all subsequent cycles of stress. Wire specimens of 
three materials, 2024-T4 and 7075-T6 aluminum alloy and hard-drawn 
steel, were employed to provide a large number of inexpensive reproduc- 
ible specimens. The data were statistically analyzed to obtain a meas- 
ure of mean fatigue life of laown reliability. Completely reversed 
two-stress repeated block experiments, the simplest form of complex 
stress history, were performed and analyzed to verify the hypothesis 
that the fatigue life was adequately described by a simple two-parameter 
expression involving (a) the percent of cycles at the high stress and 
(b) a stress interaction factor. 
of this stress interaction factor were correlated with the values of 
the high and low stress by a simple power relation. 

The experimentally determined values 

The above relations were combined and extended to continuously 
~ a r y i n g  st.ress-amplitude histories. 
the agreement between the computed and experimentally determined Tatlgie 
life was excellent. 

For the one set of data completed, 

INTRODUCTION 

In the design of limited-life members and structural components 
subjected to repeated loads, an accurate estimate of fatigue life is 
necessary. Current methods of estimating fatigue life frequently lead 
to either an overconservative or unsafe value. The common elements of 
this problem, (a) the random spectrum of loads, (b) the fatigue behavior 
o f  the components, generally known only for constant-amplitude loading, 
and (e) the influence of a complex load history on the fatigue behavior 
of the components, individually constitute complex problems. Adequate 
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design for  limited-fatigue-life components will be achieved only as im- 
proved quantitative methods of analysis are developed for each phase of 
the problem. 

This investigation studies the influence of complex stress his- 
tories on the fatigue behavior, specifically the fatigue life, of 
structural aluminum alloys and steels. 
tained during the early part of the program. A combined analytical and 
experimental investigation was undertaken in which the problem was sub- 
divided into several simple phases. A hypothesis to describe the phe- 
nomena was introduced and experiments were devised to check this hy- 
pothesis. Based on the results of the several phases of this program, 
an analytical expression is presented for the fatigue life of a member 
under an arbitrary complex load history. 
experimental results are confined to the fatigue life of wire specimens 
subjected to two-stress repeated block loading and one condition of con- 
tinuously varying load mglitude. 
room temperature employing completely reversed cycles of stress. 

It summarizes the results ob- 

In the present report, the 

Experiments were all conducted at 

The first phase of the program consisted of ltetermining the in- 
fluence of the percent of cycles at the high stress on the fatigue life 
in the two-stress repeated block experbnents. An hypothesis was for- 
mulated which lead to a simple analytical expression for fatigue life 
in terms of the percent of cycles at the high stress 
interaction factor R1/aJ which depends only upon the high and low 
stresses, a1 and a ~ ,  respectively. 

a and the stress 

The second phase of the program consisted of investigating the 
interaction between the high and low stresses in the two-stress re- 
peated block experiment. 
stress 
values of low stress were employed. 
R1/a , determined previously , lead to a simple empirical correlation 
between R1/a and a 1  and a2. Finally, the fatigue life for  condi- 
tions where the stress amplitude varied in a continuous manner was in- 
vestigated. 
with the fatigue life computed from the data obtained in the first two 
phases of the investigation. 

In this phase of the investigation, the high 
a 1  was maintained constant and either six or seven different 

Use of the values of the parameter 

One set of experimental results is included and compared 

The third phase of the investigation w i l l  consist of extending the 
study ofthe interaction of the high and low stresses employing a 
variety of high stresses as well as low stresses. 
and results from all the two-stress repeated block experiments, the 
analytical expression for fatigue life for continuously varied ampli- 
tude experiments will be evaluated. 
compared with the fatigue life obtained experimentally for a wide 
variety of load histories. 

Based.on the analysis 

The cmputed fatigue life will be t 
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In this investigation, wire specimens have'been employed as a 
source of inexpensive reproducible specimens. 
sults, the fatigue life from one load history was compared with fatigue 
life from another load history. Because of the statistical variability 
of fatigue life, the results of 2 0  specimens were obtained and statis- 
tically analyzed f o r  nearly all experimental conditions. A measure of 
the average fatigue life was desired for comparison with the analytical 
results3 therefore, a logarithmic-normal distribution of fatigue life 
was assumed. 
log N, standard deviation, and 95-percent confidence limits on the mean 
life. 

In the analysis of re- 

The experimental data are presented in terms of mean 

Because all the results are analyzed by comparing the fatigue life 
Of one set of wire specimens with that of another set, it is believed that 
the influence of specimen shape and fabrication was minimized. 
it is anticipated that the analytical expressions developed and con- 
firmed experimentally w i l l  be applicable to members of any size or 
shape. At the present time, the analytical expression for fatigue life 
under continuously varying load amplitude contains two parameters. The 
first parameter, CL,~, is related to the Ember of load cycles in various 
stress intervals. m e  second parameter, .:/a, is related primarily to 
the interaction at the various stress amplitudes and has been deter- 
mined empirically. 
level ai. F1.m the results, it appears that the two-parameter ex- 
pression is adequate to describe the variation of fatigue life for  con- 
ditions of continuously varying load amplitude. 

Further, 

These two parameters correspond to the ith stress 

T N s  investigation was conducted in the research laboratories of 
t h e  %parheat sf Thoretical and Applied Mechanics as part of the work 
of the Engineering Experiment Station, University of iiiinois, - ads r  
the sponsorship.and with the financial assistance of the National 
Advisory Comittee for Aeronautics. The advice and criticism of 
ProYe5Sfii-s G. M. Sincla.fr and 'T. J. Doiari is greatly qqreciated. 
Acknowledgment is due to G. E. Mercer for his care in COnst~Ctfiig 
the apparatus and to J. W. Melvin, C. H. Tang, and E. Mueller who 
assisted in various phases of this work. 

SYMBOLS 

a constant 

B' constant 

C radius of cross section of wire, in. 
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D fatigue dmmge 

damage at fa i lure  D f 

d constant 

modulus of e l a s t i c i ty ,  p s i  

moment of i n e r t i a  of cross section of specimen, in4 

E 

I 

K constant 

length of specimen, i n .  2 

M bending moment 

number cf damage nuclei 

number of cycles 

fa t igue l i f e  f o r  complex stress h i s to r i e s  

fatigue l i f e  a t  high stress 

m 

N 

fa t igue l i f e  a t  l o w  s t r e s s  

number o f  cycles i n  each repeated block n 

ax ia l  compressive force, l b  P 

number of stress levels  

s t r e s s  interact ion factor  

coefficient of crack propagation r 

S r  

a 

reduced stress 

percent of cycles a t  high stress 

reduction factor  for  crack propagation a t  al by s t r a i n  aging 

exponent on cycle r a t io ,  a constant for  a given s t r e s s  

maximum deflection of specimen 

Y 

a 
t 

f ract ion of cycles i n  each repeated block needed t o  break 
pinned dislocations 

6 

angular deflection of specimen, deg e 
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N 
0 cu 
w I 

a maximum alternating-stress amplitude, psi 

a0 constant 

high stress a1 

low stress 

Q cycle ratio 

A+ cycle ratio increment 

Subscripts: 

ac actual 

ex experimental 

f failure 

th theoretical 

1 conditions at low stress 

2 conditions at high stress 

MATERIAIIS AND APPARATUS 

Materials 

Wire specimens of three materials, 2024-T4 aluminum alloy, 7075-T6 
aluminum alloy, and hard-drawn steel designated as "Brite Basic," were 
employed in this investigatim tc satisfy t.he requirement of inexpensive 
reproducible specimens. A l l  three kinds of wire wei-e t e s t e d  2:: t h e  ""5- 
received" condition. 
foot lengths, and the aluminum wire wits heat-treated following the draw- 
ing operation and also cut into 3-foot lengths by the manufacturer. The 
diameter of aluminum wire was 0.100 inch and the diameter of steel wire 
was 0.050 inch. The stress-strain curves for these three materials are 
shown in figure 1. 
listed in the following table! 

The steel wire wits straightened and cut into 3- 

The mechanical properties determined thereby are 

t 
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Yield strength, psi 

0-2-Percent 0.03-Percent 
offset offset 

56,200 50,700 

69,000 62,700 

- 

108,000 93,500 

Wire 
specimen 

Ultimate 
strength, 
psi 

69,900 

80,000 

130,000 

2024-T4 Aluminum alloy 

7075-T6 Aluminum alloy 

Hard-drawn steel 

4 

Wire-Fatigue Testing Machines 

The use of wire specimens required that the region of maximum 
stress was located away from the points where the specimen was gripped 
or loaded. 
forces met this requirement. 
posed of two components, bending and compressive stresses. 
compressive stress was small and, therefore, the maximum alternating 
stress at the center of the specimen was given by the equation 

A deflected rotating strut loaded with axial compressive 
The total stress in the specimen was com- 

However, the 

where 

C radius of cross section of wire, in. 

E modulus of elasticity, psi 

I moment of inertia of cross section of specimen, in.4 

2 length of specimen, in. 

P axial compressive force, lb 

A maximum deflection of specimen, in. 

o maximum alternating-stress amplitude, psi 

The quantities P22/EI and A/2 are dimensionless quantities related 
to the configuration of the deflected specimen (ref. 1). 

The development of the machine used in this investigation was 

men, a deflected rotating strut, was rigidly fixed, while the other end 
previously reported in detail (ref. 2). Briefly, one end of the speci- t 
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followed an appropriately curved path such t h a t ,  theoret ical ly ,  both 
ends of the  specimen were subjected t o  zero bending moment. The t r ace  
of t h i s  curved path i s  very closely approximated by a c i rcu lar  a rc .  
order t o  f a c i l i t a t e  the fabricat ion of the machine, a c i rcu lar  a r c  was 
used instead of the  theore t ica l  curved path. 
t he  c i rcu lar  a rc  i s  shown i n  f igure Z(a) where the  difference i n  length 
of deflected specimen between theoret ical  and circular-arc  t rack  i s  
p lo t ted  against  the  angular deflect ion o f  the  specimen 
or ig ina l  undeflected posit ion of the specimen and the l i n e  connecting 
the  two ends of the deflected specimen. 
t he  stress i n  the  specimen caused by the circular-arc  approximation w a s  
made by assuming a sine wave f o r  the  configuration of the  deflected 
specimen ( re f .  2 ) .  
broken l i n e  i n  figure 2(b).  The nominal stress given by equation (1) 
is used i n  t h i s  report  and is  shown by the so l id  l i n e  i n  figure 2(b) .  
The nominal s t r e s s  w a s  obtained by assuming the  theoretical-curve path 
for the  movable end of the specimen. 
i s  on a l i n e  between these two r a the r  narrow l i m i t s -  For any s t r a igh t  
l i n e  between these lFmits i n  f igure 2(b),  t he  s t r e s s  i s  r e l a t ed  t o  the 
angle 8 by the  expression 

In  

The e r ro r  introduced by 

8 between the 

An approximate calculat ion of 

The results of t h i s  approxhat ion a re  shown by the  

The ac tua l  stress i n  the specimen 

u = Ke 

where K i s  some constant. I n  t h i s  investigation, only a s t r e s s  r a t i o  
a2/01 
a r e  l i n e a r  f3mctions of 6 ,  it is  immaterial which value of s t r e s s  i s  
used i n  the  analysis ,  

i s  used i n  the  analysis. Therefore, since both of these stresses 

In  figure 3 (a )  the wire machine i s  shown arranged t o  t e s t  specimens 
under two-stress repeated block lo&r,g. 
i n  t h i s  t e s t  i s  shown i n  figure 4 (a ) .  
dr ive end, was held r ig id ly  by the chuck ( A ) .  
speciirieii ivas f i t t e d  i c t o  a. miniature bearing which w a s  at tached t o  the 
movable t r o l l e y  (Bj . 
along the  c i rcu lar  t rack  (CD) . 
cam (E). 
(F) through two microswitches ( G )  and changes the  s t r e s s  i n  the  speci- 
men by moving the t r o l l e y  (B). 
a t  high s t r e s s  w a s  varied by appropriate spacing of the  two pips.  

The stress h is tory  employed 
One end of  the specimen, the  

The other end of the  

Yne t r o l l e y  i ~ s  rez2iI-y ~ d j l i s t a b l e  t o  any p ~ s i t i c j ~  
The chuck (A) was geared t o  the  c i r cu la r  

A s  t he  cam turned, two pips on t h e  cam act ivated the  solenoid 

The percent of the  l i f e  of the  specimen 

Figure 3(b)  shows a specimen andmachine arranged f o r  the con- 
tinuously varying s t r e s s  amplitude experiments. 
t o ry  i s  shown i n  figure 4(b) ,  
employed t o  move the  t r o l l e y  (B)  by means of t he  follower (H) .  The 
large cam made 1 revolution for each10,OOO revolutions of the speci- 
men. Therefore, the s t r e s s  his tory sham i n  f igure d(b) (a l so  f ig .  
4 ( a ) )  was repeated every 10,000 cycles. 

A typ ica l  stress his-  
In  this  experiment, a curved cam (E) w a s  

The machines were run a t  
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s l igh t ly  d i f fe ren t  speeds t o  minimize vibration between 4,000 and 
6,000 rpm. 

This machine offered wide adaptabi l i ty  t o  various load pat terns  
and, a t  the  same time, offered economical means for compiling a large 
amount o f  data. 
the  machine and i n  running the experiments t o  obtain consistent repro- 
ducible data. Reproducibility of data w a s  checked per iodical ly  by re- 

However, considerable care w a s  required i n  fabricating 

running the constant stress-amplitude S - N  experiments. t;j 
N 

The number of cycles spent a t  the high stress w a s  determined by 
the  set t ing of pips on the  large cam ( E )  and then independently checked 
by counting the  number of revolutions a t  the high s t r e s s  when the 
specimen was revolving slowly. Because the  action of the  solenoid wits 
independent o f  t he  speed of the machine, the number of cycles consumed 
i n  moving from the  low t o  the  high stress and back again w a s  determined 
a t  normal operating speed by taking high-speed motion pictures  with a 
Wollensak Fastax camera. It w a s  established tha t  from 5 t o  10 cycles 
were required t o  change from e i the r  the  low t o  the  high s t r e s s  o r  from 
t he  high t o  the  low s t r e s s .  

AJYALYSIS OF CUMULATTVE: DAMAGE 

Fatigue damage D w a s  visualized as a joining or accumulation of 
cracks and w a s  t rea ted  i n  terms of (a)  the  number of damage nuclei 
formed and (b)  the rate of crack propagation. 
experimental observations w a s  used i n  formulating a quant i ta t ive ex- 
pression fo r  cumulative damage (ref.  3 ) :  

The following summary of  

(1) A nucleation period (possibly a small number of cycles) may be 
required t o  in i t ia te  permanent fatigue d.ama,ge. 

( 2 )  The number of damage nuclei (submicroscopic voids) t h a t  sub- 
sequently jo in  t o  form a la rger  crack increases as the  stress increases. 

(3) Damage a t  a given s t r e s s  amplitude propagates at rates t h a t  
increase with numbers of cycles. 

( 4 )  The rate of propagation of damage pe r  cycle increases as the  
s t r e s s  increases. 

(5) The t o t a l  damage that const i tutes  failure i n  a given member i s  
constant fo r  a l l  stress h is tor ies .  

( 6 )  Damage is propagated a t  stress leve ls  that are lower than the  
minimun s t ress  required t o  i n i t i a t e  damage. 
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The fatigue damage D caused by number of cycles of a particular 
stress amplitude was expressed as 

D = m P  ( 2  1 
where 

a constant 

m number of damage nuclei 

N number of cycles 

r coefficient of crack propagation 

For constant stress amplitudes, ul or uz, damage at failure Df was 
expressed as 

The progress of damage D is shown schematically in figure 5. 

In the fluctuating two-stress repeated block experiments, this 
(1) the damage hypothesis lead to the following simple conditions: 

number of damage nuclei initiated in the fracture zone was assumed to 
be a function of only, and (2) damage propagation was assumed to 
proceed at both u1 and uZ as shown in figure 6. 

a 1  

The sum of the damage increments AD taken alternately at stress 
levels u 1  and 02 far  each ir,crw~nt. crf cycles AN (in fig. 6) until 
failure is equal to Df given by equation ( 3 ) .  If R = r Z / r l -  and 
a1 = a2 = a, the expression for the fatigue life Ng is 

Ng 1 

N1. a (1 - a )  
- =  

If g stress levels (or intervals) are employed, equation ( 4 )  
be comes 
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where Nl is the life at the highest stress 01, and the quantities 
ai and Rilla correspond to the ith stress level (or interval) ai. 
The detailed mathematical derivation of equations (4) and (5) is given 
in a previous paper (ref. 3). 

The problem of fatigue life under complex stress history was 
divided into three phases. 
of al and a2 was considered and, the assumptions that r was con- 
stant for  each particular stress and a was constant for all stresses, 
required a constant value for the quantity R1ja, and, therefore, Ng/N1 
was a function of a only. This assumption will be considered in the 
light of the experimental results. 
tigation, 01 was maintained constant and 02 was varied. A different 
value of R1/a was expected for each combination of a 1  and u2; how- 
ever, the nmber of damage nuclei ml was the same because m was a 
function of o1 orii-y. Therefore, ~l/a was a function of 0 2 / 0 1 J  and 

and 
under a continuously varying stress history was calculated. The third 
phase of the investigation, employing various values of both 
a2, is yet to be considered. 

The first phase for a particular combination 

In the second phase of the inves- 

Ng/N1 was a function of a and R1/a. After the relation between R l/a 

02/q was determined using the experimental data, the fatigue life 
1 

61 and 

RESULTS AND DISCUSSION 

Two-Stress Repeated Block Experiments 

The results of the constant stress experiments and the two-stress 
repeated block experiments for 2024-T4 and 7075-T6 aluminum-alloy wire 
and hard-drawn-steel wire are tabulated in table I. 
subscript 1 denotes that the quantity is associated with high stress, 
and the subscript 
complex stress history. The quantities N1 and Ng are the life of 
the specimens at high stress and for the complex stress histories, 
respectively. The mean value of log Ng was obtained by assuming 
logarithmic-normal distribution of fatigue life. 
values of N~ and ~ 1 ,  ~l/a was calculated using equation (4) for 
each experimental condition. 

In this table, the 

g denotes that the quantity is associated with a 

From the experimental 

In figure 7 the S-N diagrams are shown for 2024-T4 and 7075-T6 
aluminum-alloy wire and hard-drawn-steel wire, respectively. 
lar points are the results obtained early in the experimental program, 
and the triangular points are the results obtained at the end of the 

The circu- 
1 
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program. 
from 1 7  specimens by s ta i rcase  analysis ( r e f .  2 )  t o  be 59,400 p s i  with 
a standard deviation of 1900 p s i .  

The mean endurance l i m i t  f o r  the  s t e e l  wire w a s  determined 

Figure 8 shows the diagrams of (log N - log N1) against  log a 
for the three materials. Both mean values and 95-percent confidence 
limits of ( log Ng - log N1) a r e  given for the experimental points.  The 
curves i n  f igure 8 were drawn by using constant values of R for 
the  group of points having the same combination of high and low stress, 
that is ,  al and a2. These curves correlate t he  experimental data very 
well. The points for a equal t o  40percent exhibi t  the  poorest agree- 
ment. The experimental error i n  a i t s e l f  may be large i n  this case 
and contribute t o  t h i s  e r ror .  This w i l l  be discussed l a t e r .  The values 

of  R 'la used i n  p lo t t ing  these curves a r e  l i s t e d  i n  the  R1/" (group) 

the  theore t ica l  l i f e  Ng,th 
R1/a i s  shown i n  the (Ng,ex/Ng,th) column of t ab le  I. The s t r a igh t  
broken l i n e  t o  the  r igh t  of each of these three f igures  represents 
RIIa = 0, that is, the damage done by the  cycles of low stress is  zero. 

Any point t o  the r igh t  of t h i s  line has a negative value of R1la, which 
implies that a beneficial  or strengthening e f f ec t  w a s  produced by the 
low-stress cycles. 

g 

column of tab le  I. The r a t i o  between the  experimental l i f e  NgYex ana 
calculated by using the constant value of 

In  f igure 8 ( c ) ,  for hard-drawn s tee l ,  the  expe rben ta l  points f o r  
a2 of 28,000 and 20,000 p s i  are located t o  the r i g h t  of the dashed 
l i ne .  The values of for these points a r e  negative, indicating 
that. a beneficial  e f f ec t  has resulted from these low-stress cycles. 
This favorable e f f ec t  i s  probably due t o  s t r a i n  aging of the s t e e l  a t  
low s t resses .  The possible e f fec t  of s t a i n  aging by these low-stress 
cycles on fur ther  fa t igue damage i s  considered qual i ta t ively i n  more 
de t a i l  Tn apFendix A. 

The values RIIa fo r  the groups of  points having the same com- 
binat ion of 01 and a2 but different values of 
mined t h a t  

f o r  each group of  points. The value of  (Ng/Nl)th 
using equation (4) and the same s e t  o f  a values 
p e r h e a t s .  Since for each material  the values of 

(%th 
same through the program, t h e  quantity 

a were so deter-  

i s  a f'unction of 

was calculated by 
as used i n  the  ex- 
a, used were the  
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RIIa only. Therefore, a theore t ica l  curve of R against  

w a s  drawn, and from the  known values of c(%),,, the values 

f o r  best f i t  for each group of points were read o f f  the  curve. 
t h i s  calculation, the values f o r  a equal t o  40 percent were not used 
because they w e r e  unreliable.  For a equal t o  40 percent, only a f e w  
revolutions of the large cam were required for  fYacture. Therefore, 
t he  
much less than 40 percent. 
of t he  specimens. 

In  

a f o r  t he  f i rs t  and the  las t  repeated block fo r  a specimen may be 
This error i s  re f lec ted  i n  the longer l i f e  t;l 

ON 
N 

There are  other methods that can be used t o  determine the value of 
R1/a far  each grou of points having the  same stresses, ol and a2. 

The average of R 
used, or the  RIIa 

of the individual points of t he  group might be 
fo r  the  group of points could be determined so t h a t  

f o r  t h i s  group. 

The method used i n  t h i s  investigation emphasized or weighted the  
points  with low values of a1 
missible range o f  values of RIIa 
of a. 

i n  evaluating R l / a .  

because they lead t o  a narrower per- 
than the  points with high values 

This method w a s  intended t o  emphasize the most r e l i ab le  data 

Figure 9 ( a )  shows t h e  p lo t  of log R against  l o p ( 2 )  for 

2024-T4 aluminum wire. 
t he  slope of the  l i n e  i s  5.778. 

The experimental points l i e  on a s t ra ight  l ine ;  
This suggests t h a t  t he  r e l a t ion  between 

and uZ/ol i s  i n  the  form of 

The diagram of log R against  log($) for 7075-T6 aluminum 

The experimental points fo r  t h e  higher w i r e  i s  shown i n  figure 9(b).  
values of u2 f a l l  on a s l i g h t l y  curved l i ne ;  however, for U2 of 
25,000 and 20,000 ps i ,  t he  values of R are very low. Figure 9(c) 

shows a diagram of log R1/a against  10gG: 1 
a l loy  wire using a do value of 15,000 p s i .  In  figure 9 ( c ) ,  t he  data 

fo r  7075-T6 aluminum- 
1 
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exhibit  an approximately l i nea r  re la t ion.  
was attached t o  the value of 
venient i n  estimating the l i f e  for continuously varying s t r e s s  h i s to r i e s .  
The slope of the  l i n e  i s  3.3. 

I n  figure 9(d),  only the posit ive experimental values of R1/& fo r  
hard-drawn-steel wire a re  shown. 
mate the  f irst  four experimental points. The phenomenon of strain-aging 
apparently influenced the r e s u l t s  for values of 34,000 p s i  and 
lower. 
a l i nea r  scale including negative values fo r  hard-drawn-steel wire. 

No pa r t i cu la r  significance 
00; however, this r e l a t ion  w i l l  be con- 

A s t ra ight  l i n e  can be used t o  approxi- 

a2 
Figure 9 (e )  a l so  shows the values of R1Ia against a2/al on 

Continuously Varying Stress Experiment 

Based on the  re la t ion  between R1/" and aZ/ul obtained experi- 
mentally, the  l i f e  of specimens under continuously varying load can be 
estimated from equation (5 ) .  

One experiment employing continuously varying s t r e s s  amplitude w a s  
completed fo r  2024-T4 aluminum wire. The stress spectrum limits were 
from 50,000 t o  9,500 ps i ,  and the s t ress  his tory i s  shown i n  f igure 4(b) .  
The stress spectrum was divided in to  1 7  intervals ,  and the mean values 
of the  s t r e s s  in te rva ls  were used t o  determine the value of R1/a for 
t h a t  s t r e s s  in te rva l .  The r e l a t i v e  fract ion of l i f e  at various s t r e s s  
in te rva ls  ai is  shown i n  figure 10. 

The r e l a t ion  between R1/a and a2/al f o r  2024-T4 aluminum wire 
Substitution o f  t h i s  r e l a t ion  in to  equation i s  given by equation ( 7 ) .  

( 5 ) ,  gives 

The detai led calculations a re  tabulated i n  t ab le  11. The estimated 
l i f e  of the specimens with the s t ress  h i s tory  as  shown i n  figure 4(b) 
was 3.1X105 cycles, and the  experimentally determined l i f e  was 2.9X105 
cycles. Thus, excellent agreement was obtained between the r e s u l t s  of 
t he  two-stress repeated block experiments and the continuously varying 
s t r e s s  amplitude experiments. This correlat ion i s  very encouraging, 
however, the results of addi t ional  experiments, now i n  progress, are 
required t o  firmly establ ish t h i s  re la t ion.  
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Specimen 

2024-T4 Aluminum-alloy wire 

7075-T6 Aluminum-alloy wire 

Brite basic steel wire 

CONCLUDING REMARKS 

a aO, 
psi 

5.778 0 

3.30 15,000 

5.98 0 

The results of the two-stress repeated block experiments for 
2024-T4 and 7075-T6 aluminum-alloy and hard-drawn-steel wire estab- 
lishedthe hypothesis that the fatigue life varies linearly with per- 
cent of life at high stress and according to the relation of 
equation (4). 

Equivalently, these results established the fact that for given 
values of high and low stress one value of the stress interaction par- 
ameter adequately represented the interaction between cycles at high 
and low stress. For the steel wire at low values of low stress, the 
lives were longer than expected and negative values of the stress in- 
teraction parameter were obtained. This phenomenon was attributed 
to strain-aging or coaxing. 

Based on the adequacy of the two-parameter expression given pre- 
viously, a simple correlation was obtained between the stress inter- 
action parameter RIIa and the high and low stresses 0.1 and u2 in 
order to represent the fatigue life for all of the two-stress repeated 

block sets of data. "he simplest relation between RIIa, and al and 

a2 that adequately represented the data for all three materials was 

where uo and d are constants. The constants, determined from the 
experimental data, were 

For 2024-T4 aluminum alloy, one experiment was completed employing 
a continuously varying stress history. 
was in excellent agreement with the life computed using the two ex- 
pressions previously discussed. 
fo r  all three materials. Based on these data, it appears that the re- 
sults of the two-stress repeated block experiments may be correlated 
with the results of the continuously varying amplitude experiments. 

The life measured experimentally 

Further work of this type is in progress 

1 

T 

University of Illinois, 
Urbana, Ill., November 4, 1957. 
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APPENDIX A 

AXALYSIS OF STRAIN-AGING IN COLD-DRAWN-STEZS WlRE 

During two-stress repeated block experiments, it was observed t h a t  
a2 

al. 

for  values of low s t r e s s  considerably below the fat igue strength,  
the  fatigue l i f e  w a s  longer than would be expected i f  damage occurred 
only a t  the  high stress This longer l i f e  was a t t r i bu ted  t o  s t r a in -  
aging. Apparently, the strain-aging which occurs a t  cycles of  u2 a l s o  
influences the  r a t e  of crack propagation at  
phenomena t h a t  may occur, two simple conditions will be examined. It 
i s  assumed t h a t  strain-aging, tha t  is, pinning of dis locat ion i n  the  
v i c in i ty  of the nose of the crack, occurs during cycles of low s t r e s s  
a2. 
As a r e s u l t  of the pinning, crack propagation a t  a1 i s  a l so  influenced, 
The s t r e s s  ul must t e a r  dislocations f r ee  from the  carbon and nitrogen 
atmospheres. A t  l e a s t  two poss ib i l i t i e s  ex i s t :  ( a )  a l l  dislocations 
a re  pinned and a cer ta in  number of cycles of s t r e s s  a r e  required t o  f r ee  
the dislocations,  or (b)  only a portion of t he  dislocations a r e  pinned 
because the  magnitude of a2 
some dislocations.  However, those dislocations that a r e  pinned a r e  held 
t i g h t l y  and even cycles of 01 do not ftree them. Thus, the  r a t e  of 
crack propagation i s  lower a t  a1 following 62 than it would be i f  
the a2 cycles were omitted. 

a1. O f  the  many possible 

During t h i s  cycling, crack propagation w i l l  be assumed t o  be zero. 

i s  suff ic ient  t o  prevent the pinning of 

These two p o s s i b i l i t i e s  a re  considered as case ( a )  and ( b )  i n  the - fnl v--- 1 n w i  .. -__ ng : 

Case (a) 

From equation (3) 

where 

a constant 

ml number of damage nuclei  a t  61 

N1 number of cycles t o  f a i lu re  a t  u1 

rl coef f ic ien t  of crack propagation a t  Ul 
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For two-stress repeated block experiments, it is assumed that 

and if the influence of strain-aging during cycles of 
neglected, 

o1 is initially 

Df = mlrlNla = mlrl(tLNg)a ( 8 )  

where Ng is the fatigue life and a is the percent of cycles at the 
high stress. With the influence of strain-aging at al present, the 
effective cycles during which crack propagation occurs at cf1 is re- 
duced from aNg to ( a  - 6)Ng where 6 is the fraction of cycles in 
each repeated block required to break free the pinned dislocations. 
Thus 

and 
1 

(A2 1 1 - 
Ng - a,-6 

Case (b) 

Equations (3) and (8) remain valid in the absence of any influence 
of strain-aging at al. 
of crack propagation rl w i l l  be reduced from rl to pr1 where 

In the presence of strain-aging, the coefficient 

P < l .  

because of the reduced number of dislocations that contribute to crack 
propagation. The expression for damage, with r2 = 0, becomes 

Df = mlrlNla = mlrlp ( "Ng)' 

and 

N1 
Ng = 

The results of case (a) and (b) are indicated schematically 

(A3 1 

(A4 1 

in figure 11. . 
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It appears that for a 02 of 20,000 ps i ,  case (b)  i s  i n  reasonable 
agreement with the data i n  figure 8(c) .  
with any of the data. For 02 values of 28,000 and 34,000 ps i ,  it 
appears t h a t  '2 
t ions  made i n  case (b) ,  with the exception of r2 = 0, may be val id .  
This  does not eliminate other assumptions tha t  l ead  t o  the same ex- 
pression, equation ( A 4 ) j  however, the simple concept tha t  a f rac t ion  of 
t he  dislocations become pinned and inoperative at 62 and c r l  provides 
an adequate description based on the  very l imited data available.  

Case (a) i s  not i n  agreement 

i s  not zero  as assumed, but that the  general assump- 
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APPFJYDIX B 

COMPARISON OF DATA WITH CYTEtER TBEORIES OF 

CUMULATIVE FATIGUE DAMAGE 

The experimental r e su l t s  of t h i s  investigation w i l l  be compared 
with other theories of cumulative fatigue damage t h a t  have been proposed. 
The early theory of references 4 t o  6,  frequently referred t o  as the 
l i nea r  summation of "cycle-ratio" hypothesis, may be generalized along 
l i nes  suggested i n  references 7 t o  10 i n  order t o  allow a study of 
several variations.  

Each of these investigations employed the  cycle r a t i o  as the basic  
variable i n  t h e i r  theory. n'/N, 
xhere N i s  the average l i f e  a t  stress a, and n: i s  the  number of 
cycles (n '  < N)* applied a t  this stress. 
several  ways, however, f racture  represented 100-percent damage i n  a l l  
cases. 

Cycle r a t i o  i s  defined as the  r a t i o  

Fatigue damage was defined i n  

For a general approach t o  t h i s  problem i n  terms of  t he  cycle r a t i o  7 

+, assume t h a t  t he  damage D i s  r e l a t ed  t o  c$ by the expression 

D = +r 
where the exponent r i s  a constant fo r  a given stress; however, t he  
value o f  y may be d i f fe ren t  fo r  d i f fe ren t  s t resses .  

For two s t resses  al and u2, (al > u z ) ,  and corresponding fatigue 
l ives ,  N1 

y2 > y1 appeared t o  f i t  some experimental data. 
between damage D and cycle r a t i o  4 i s  shown schematically i n  figure 
1 2  for  the two-stress repeated block load his tory employed i n  most of 
t he  data included i n  t h i s  report .  I n i t i a l l y  un* cycles of high stress 
01 were applied, followed by (1 - a ) n  cycles of l o w  stress a2, and so  
for th .  
l i n e  i n  f igure 12 .  

and Nz(NZ > N1), it was suggested (refs. 7 and 10) t h a t  
The r e l a t ion  (eq. (Bl)) 

The path of damage accumulation i s  indicated by the  heavy so l id  

The various increments of damage L1D are given by the  product of 
the  slope of the  damage curve i n  the  in t e rva l  considered 
cycle-ratio increment A+> that i s ,  

dD/d+ and the  

n' i s  employed i n  the def in i t ion  of t he  cycle r a t i o  t o  avoid con- * 
f'usion with the  quantity 
used i n  this  report .  

n which i s  the  length of each repeated block 
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Y 

P 
3 

I n  terms of  the two-stress repeated block loading employed i n  the  
present experiment, the  various values of  ATI a r e  

(1 - a ) n  
Nz 

rz -1 
2n + m 

41 = rz( Nz ) 
and so for th .  

The t o t a l  damage D i s  given by the sum of the  damage increments 
m &S follows: 

A t  f a i lu re ,  D = 1, and t h i s  expression can be rearranged and simplified 
t o  the  form 



2 0  . 

For failure after a few repeated blocks of cycles (say g < 10) it 
is possible to compute the sum of the series of terms in equation (B4). 
For large values of 
of terms may be evaluated by integration, thus equation (B4) becomes 

g J  which are of primary interest here, the series 

which gives 

Since a < 1 and g is large, the quantities a'' and CL in the last 
bracket will be neglected, so that 

1 = + (1 - 

The quantity ng is the fatigue life Ng for the two-stress re- 
peated block loading, thus 

The vasious possible cases contained in equation (B6) wiU now be 
considered. 
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Case A; r1 = y2 = 1 

Equation (B6) reduces t o  the l inear  summation of cycle-ratio hy- 
pothesis, and rnay be writ ten as  

Ng 1 - -  
N1 a + (1 - a)($) 

I n  f igure 13, the  so l id  l i nes  represent the  values of the  r a t i o  
Ng/N1 
repeated block loading. 
50,000 p s i  and l o w  s t resses  of 45,000, 40,000, 35,000, and 30,000 p s i .  
Values of the  quantity c n / N  a r e  given i n  tab le  I f o r  the three ma- 
t e r i a l s  reported fo r  a l l  cambinations i n  which N2, the  l i f e  a t  the  low 
s t r e s s ,  w a s  determined. While a few of the  experimental data a r e  ad- 
equately represented by the so l id  l ines  i n  f igure 13, it i s  evident t h a t  
f o r  values of “2 close t o  a l ,  the  sol id  l i n e  gives unconservative 
values of l i f e ,  but conversely fo r  low values of aZJ the  so l id  l i n e  
estimates a l i f e  t h a t  i s  too short .  If values of N2 for a2 of 
25,000 and 20,000 p s i  are obtained by extrapolation of the  S - N  diagram 
i n  figure 7(a) and subst i tuted i n t o  equation (B7), the  difference be- 
tween the  s o l i d  l i n e  and the data becomes increasingly greater  as a2 
becomes smaller. Because of the uncertainty of the extrapolated values 
of N2, they were not included i n  figure 13 o r  t ab le  I. 
evident from f igure 13, however, t h a t  while equation (B7) may give 
reasonable values i n  i so la ted  cases, errors on e i the r  the  long-l i fe  or 
shor t - l i f e  s ide  occur i n  numerous oCner iustarices. (See t ~ b l e  1.1 
Thus the analysis of cumulative damage given by equation ( 4 )  or (5)  of 
t h i s  report  provides a more r e l i ab le  approach t o  t h i s  problem without 
intrcdixing m h e  c o q ~ l L c a t i n n s .  

given by equation (B7) fo r  aluminum a l loy  2024-T4 for  two-stress 
’The r e s u l t s  are shown for a high s t r e s s  of 

It appears 

Case Bj yl = r2 > 1 

Equation (B6) becomes 
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Equation (B8) i s  a generalized form of the re la t ion  proposed i n  refer-  
ences 8 and 9. 
stress" Sr i s  

From references 8 and 9, an expression fo r  t he  "reduced 

s, = ( -is, cn?,2x)1/2x 
where the l i f e  a t  Sr i s  the  same as fo r  the  spectrum loading. The 
expression for  the  S-N curves i s  (refs.  8 and 9 )  

where B '  i s  a constant, and x i s  the  slope of the  S-N curve p lo t ted  
on a double logarithmic diagram. 
ployed i n  t h i s  report leads t o  the  following relat ions:  

An introduction of the  symbols em- 

and 

and 

Substi tution of these expressions simplifies the equation of references 
8 and 9 for  t he  reduced stress: 

This expression is  ident ica l  t o  equation (B8) for the  value, y = 2. 

Comparison of the l i ves  given by equation (B9) with the  experi- 

dl mental data f o r  2024-T4 aluminum a l loy  i s  shown i n  figure 14 for  
of 50,000 p s i  and 02 of 45,000, 40,000, 35,000, and 30,000 ps i .  For 
a2 of 45,000 p s i  the agreement i s  good, however, the  agreement de- 
creases for the  lower values of 132. A s  the  l imit ing case, when N2 
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becomes very large,  the s t r a igh t  l i n e  i n  f igure 14  indicates  l i v e s  t h a t  
are much too short .  l/y, which indicates  t h a t  
fo r  values of y > 2, the  agreement would be even less. The l i v e s  fo r  
a l l  values OS a2 a re  bounded on the shor t - l i fe  side by the v e r t i c a l  
l i n e ,  log Ng - log N 1  = 0, and on the long-l i fe  s ide  by a l i n e  through 
the  or ig in  with a slope This indicates that the  bes t  agreement 
with the experimental data is  obtained from equation (B8) when y = 1, 
which then reduces t o  equation (B7), the l i nea r  summation of cycle 
r a t io s .  
It i s  necessary now t o  examine the resul ts  for 

This l i n e  has a slope 

-l /y.  

However, t h i s  conclusion i s  r e s t r i c t ed  t o  the case y l =  yz. 
yl # yz. 

Case C gives the  form of the  equations proposed by references 7 
and 10. 

It i s  convenient t o  f irst  consider the  l imit ing condition, t h a t  is, 
when N2 is  very large.  Rewriting equation (B6) gives 

The second term on the  r igh t  s ide approaches zero when Nz 
large.  Therefore, the  influence of the value of yl m y  be examined 
independently i n  t h i s  l i m i t i n g  condition. Solving f o r  Ng/Nl gives 

becomes very 

This r e l a t ion  defines a s t ra ight  l i n e  through the or ig in  i n  f igure 15, 

It i s  evident *om an examination of f l g x e a  9 sad 15 thet  the n d y  
value of rl t h a t  gives reasonable f i t  t o  the data i s  yl = 1.WO.1. 
With the  required value of established t o  f i t  a l l  of these data, 
it i s  now necessary t o  examine the  influence of y2. 

y w - i t k ;  2 0 1  ulvrr nnP zf -1/yj sFmilar t o  the  s i tua t ion  discussed under case B. 

yl 

Equation (B6) was solved employing the  following values: y1 = 1 
and yz = 1, 2, and 4. 
aluminum a l loy  2024-T4 f o r  t he  two-stress repeated block loading. A s  
before, the  data are included for  a high s t r e s s  of 50,000 p s i  and low 
s t r e s ses  of 45,000, 40,000, 35,000, and 30,000 ps i .  
instances i n  which the l i nes  for yz = 2 or yz = 4 appear t o  f i t  
some of the data w e l l .  

These resu l t s  a re  p lo t ted  i n  figure 15 for 

There a r e  several  

However, i n  no instance does any one of t'nese 
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curves fit the data for the range of 
bination of high and low stress as well as the solid curves in 
figure 8(a). 

a values and for a given com- 

There are two important points to be noted. First, the lines in 
figures 13, 14, and 15, obtained from equations (B7), (B9) ,  and (B6), 
respectively, each employ the cycle ratio 6 at both the high and low 
stress as a fundamental variable. Based on this assumption that the 
cycle ratio is a f’undamental variable, the theoretical expressions must 
give values that lie on some smooth curve connecting the end points, 
(log Ng - log N1) = 0 for and (log Ng - log Nl) = (log N2 - 
log N1) for This requirement is well illustrated in figure 15. 
When these end-point restrictions are imposed, the possible variation 
in the shape of the curves is limited and it is not possible to fit 
the experimental data adequately. Simply by eliminating the cycle 
ratio I$ at the low stress as a fundamental variable, the possibility 
of fitting the data is greatly increased, as shown by the good fit 
(fig. 8 )  obtained in this report. 

a = 1.00 
a = 0. 

? 
R 
N 

The second important point is that the new analytica 
equation (4) or (51, contains an adaitional parameter ~1 
cellent correlation between the data and equations (4) and (5) establishes 
the fact that the introduction of this one additional parameter provides 
adequate flexibility to fit all of the data collected in this investi- 
gation. The evaluation of the R parameter and correlation with the 
ratio of stresses a2/al by an expression of the type 

was adequately considered for the wire data in this report. 
of the parameter R1/a 
ranges w i l l  be considered in a later report. 

Evaluation 
for other specimen configurations and stress 

It is interesting and encouraging to note that in reference 11 
essentially the same analytical expression for fatigue life due to a 
spectrum of random load amplitudes was developed. 
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ASTM, V O ~ .  56, 1956, pp. 1124-1137. 
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TABU 11. - CALCULATION OF TRE FATIGUE LIFE FOR THE CONTINCTOUSLY 

VARYING STRESS HISTORY EXPERI.M€CNT 

[2024-T4 Aluminum a l loy  wire; machine 3; u1, 50,000 p s i ;  
d, 5.778; N1 = 1.62X104 cycles.] 

ltres s - rat i o  increment 

0.95 - 1.00 
.90 - .95 
.85 - .90 
.80 - .85 
.75 - .80 
.70 - .75 
.65 - .70 
.60 - .65 
.55 - .60 
.50 - .55 
.45 - .50 
.40 - .45 
.35 - .40 
.30 - .35 
.25 - .30 
.20 - .25 
.19 - .20 

($)mean 

0.975 
.925 
.875 
.825 
.775 
.725 
,675 
.625 
.575 
.525 
.475 
.425 
.375 
.325 
.275 
.225 
.195 

I. 863 
.637 
.462 
.332 
.232 
.157 
. l o 4  
.066 
.0411 
.0241 
.0136 
.00707 
.00346 
.00151 
.OW59 
.00018 

---A,.? . UUUUD3 

Number 
of 

cycles 

224 
101 

94 
84 
8 1  

367 
37 3 
369 
36 6 
360 
925 

1205 
1158 
1156 
1225 
1476 
416 

ai 

3.0224 
.0101 
.0094 
.0084 
.0081 
.0367 
.0373 
.0369 
.0366 
.0360 
.0925 
.1205 
,1158 
.1156 
.1225 
.1476 

n A l K  . "rl" 

The experimentally deterniined l i f e  w a s  

N = 2.94X105 cycles 
g 

0.01933 
.00643 
.00434 
.00279 
.00188 
.00576 
.00388 
.002 43 
.00150 
.0w87 
.00126 
.00085 
.00040 
.00017 
.00007 
.00003 
. om00 

0.05199 
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(a) Diagram for 2024-T4 aluminum-alloy wire. 

Figure 1. - Stress-strain diagram. 
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(b) Diagram f o r  7075-T6 aluminum-alloy w i m  . 
Figure 1. - Continued. 
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( c )  Diagram fo r  hard-drawn s t e e l  wire. 

Figure 1.- Concluded. 
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(a) Setup f o r  two-stress repeated block experiments. 

(b ) Setup for continuously varying stress experiments . 
Figure 3 . -  Wire fa t igue  machine equipped for f luc tua t ing  load experi- 

ments. S, specimen; A, chuck; B, t ro l ley ;  CD, c i rcu lar  track; 
E, cam; F, solenoid; G, microswitch; H, follower. 



36 

I I 

m 
P 
c 
2 
d 
k 
a, a x 
a, 

3 
0 
0 
Ti e 
0 
a, 
Q 
(d 
a, 
A 
a, 
k 
m 
m 
a, 
k 
c, 
m 
I 
0 
3 
P 

k 
0 

h 
Li 
0 
P 
03 
.ri 
G 
rn 
rn 
a, 
k 
c, 
u-2 

(d 
v 

m 
a, 
.d 
k 
0 
@ 
m 
.ri 
G 
m 
rn 
a, 
k 
@ 
u-2 

I 

* 
a, 
k 
3 
ho 
.ri 
G 



37 

I w 



38 

Kn 
m 
a, 
Li 
+I, 
Kn 

I 
0 

G- 
0 

m c 
0 

a 
a, 
$4 

h 
P 
5 
a, 
03 

2 
0 

cd 
G- 

c 4  
0 

Kn 
03 
a, 
Li 
bn 
0 
Li a 

G- 
O 

Kn 
T i  
Kn 



39 

cu 
0 cu 
w 

c 

b -  

L- 
7 

€- 

E cu \ I  

\' E- 

\ 

0 0 0 
0 Ln 



40 

7 

Q) 
'c - m 

c 

0 

-0 c 
Q) 

a' 

a 

T d 

I Ln ( m r 

z 

0 
I n -  

0 
o v  

rc - 
L 
Q) 
-D 

3 
E 
z 

* 
0 



41 

I w 

(e w u 

n 
Q) u; cn - 

t 

.- E t m  
0 .f 2 

- t  a w  

0 

€J 



42 

a, 
3 3 
0 v) 

a, .- 

- 

L c 

+ €  a, 

0 

-a 
c 
W 

5 

a 

% I  
X 
0 
0 

0 
6, 

t 

1 *o 
0 -  
d- 



43 

Q) 

C 
al 
73 
Y- 
C 
0 
0 

C 
al 
V 

+ 

-8- 
T- 



44 

d- 
N 

f 

-- 
e, 
k 
.ri 

3 

0 



45 

a 
0 
C 
Qi 
U 
t 
0 
0 

C 
Qi 
0 

.- 
u- 

4.- 



46 

I - 
log Ra 

01 
I 

- -4 

- .8 

-1.2 

- 1.6 

- 2.0 

-2.4 

-2.8 
-.5 

(a) 2024-T4 aluminum-alloy w i r e .  

Figure 9.- Correlation between r e l a t ive  r a t e s  of damage propagation and 
amplitudes of imposed stresses. 
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(b ) 7075 -T6 aluminum-alloy wire. 

Figure 9.- Continued. 
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( c )  7075-T6 aluminum-alloy wire. a. = 15,000 p s i .  

Figure 9. - Continued. 
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F i g u r e  9 .  - Continued.  
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